The Generalized Fréchet Distribution with Variable Hazard Rate Shapes: Properties and Applications \

Sl Jama A il g iy B aaral) an sl JS
. (Glpkig gailad )

) yua drala - Jreadl QYN A (5550 o aw Aokl

: pa—aldl)
) Jare 1 )55 pany Clalen uad (o O3S0 a3 s Al 50 QS

55 S Fréchet  (GLFRF). sexall Jhall

sass JSE el dle Adise e Aije J—adll Yaed YIKE GLFRF
e Aailil) 3l Aalal JSEY)y Jaxall slaaial) pmsa s JS 5 alesin)
GLFRF z3sail dualy )l jaibadll sy GELE &Gy Akl a¥lsal b
Aak g ¢ i il Clelan) 5 ¢ ALaiSall e s doalall cillaalll o ¢ d_eSY 313
LUK A e el Koy A Sl s Al jlaeY) claady ¢ o gl
Lllaay) Ay aldel oS5 Fréchet. (waiha de gaae€ GLFRF a3
ehoad ISy aaall oy 6l g je Gl o5 GLFRF. Clalza 5388 (5 gl
4asDe GLFRF 255 )8 5 Al sll bl Cile sana (g (i gans aladinly
Kumaraswamy 5 « Kumaraswamy-Fréchet <l ) s Ll Juadl

exponentiated s« beta-Fréchet s < Olkin Fréchet s <Marshall
Fréchet.sxiasll gamma s «fréchet

The Generalized Fréchet Distribution with Variable Hazard Rate
Shapes: Properties and Applications

Fatimah Saeid Ali Alzawq

ABSTRACT

A new five-parameter model called the generalized linear failure rate
Fréchet (GLFRF) distribution is studied. The GLFRF distribution provides
monotone and nonmonotone hazard rate shapes including bathtub, modified
bathtub and unimodal shapes which are very common in applied fields. Some
mathematical properties of the GLFRF model such as quantile function,
ordinary and incomplete moments, order statistics, generating function,
moments of residual and reversed resedual lifes are derived. The density
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function of the GLFRF distribution can be expressed as a linear combination
of Fréchet densities. The maximum likelihood approach is adopted to
estimate the GLFRF parameters. The flexibility of the new distribution is
proved empirically using two real-life data sets. The GLFRF distribution
provides better fit as compared to the Kumaraswamy-Fréchet,
Kumaraswamy Marshall-Olkin Fréchet, beta-Fréchet, exponentiated-
Fréchet, and gamma extended-Fréchet distributions.
KEYWORDS

Fréchet distribution, GLFR-G family, order statistic, generating function,
maximum likelihood.
1. Introduction

The Fréchet distribution (Maurice Fréchet, 1924)) is an important
distribution which has wide applicability in the extreme value theory. The
Fréchet distribution has some applications in air pollution, rainfall, and floods
(Kotz and Nadarajah, 2000), engineering applications (Harlow, 2002),
modeling wind speed data (Zaharim et al., 2009), and advanced mathematical
results on regularly varying (Resnick, 2013), among others. More details
about the applications of Fréchet distribution can be found in Kotz and
Nadarajah (2000).

The statistical literature contains several generalized modified
extensions of the Fréchet distribution icluding the exponentiated—Fréchet
(Nadarajah and Kotz, 2003), beta—Fréchet (Nadarajah and Gupta, 2004),
transmuted—Fréchet (Mahmoud and Mandouh, 2013), Marshall-Olkin
Fréchet (Krishna et al., 2013), gamma extended Fréchet (Silva et al., 2013),
Kumaraswamy-Fréchet (Mead and Abd-Eltawab, 2014), transmuted
exponentiated—Fréchet (Elbatal et al., 2014), transmuted Marshall-Olkin
Fréchet (Afify et al., 2015), Kumaraswamy Marshall-Olkin Fréchet (Afify et
al., 2016), Weibull-Fréchet (Afify et al., 2016b), modified—Fréchet (Tablada
and Cordeiro, 2017), beta exponential-Fréchet (Mead et al., 2017), odd
Lindley—Fréchet (Mansour et al., 2018), Burr—X Fréchet (Abouelmagd, et al.,
2018), modified Kies—Fréchet (Al Sobhi, 2021), logarithmic-transformed
Fréchet (Afify et al., 2021), and extended Weibull- Fréchet (Hussein et al.,
2022), among many others.
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In this paper, we propose a new flexible five-parameter Fréchet distribution
called the generalized linear failure rate Fréchet (GLFRF) distribution and
study some of its mathematical properties. We address the applicability of the
GLFRF model by analyzing two real-life data applications. The new GLFRF
distribution is generated by applying the generalized linear failure rate-G
(GLFR-G) family (Afify et al., 2022) to the Fréchet distribution.

The proposed GLFRF distribution is very flexible and has some desirable
properties as follows: (i) The GLFRF density can be right skewed,
symmetrical, reversed-J shaped, left skewed, unimodal, and concave down;
(i) The GLFRF hazard rate function (HRF) can be increasing, unimodal,
decreasing, bathtub, J-shape reversed-J shape, and modified bathtub; (iii) It
can be used to model several real-life data from applied fields. The GLFRF
model provides better fit as compared to other competing Fréchet
distributions.

The rest of this paper is outlined as follows. The GLFR-G family is
presented in Section 2. Section 3 is devoted to introducing the GLFRF
distribution, providing its special cases and some plots for its PDF and HRF.
The mixture representation for the GLFRF density is given in Section 4. The
key properties of the GLFRF model are derived in Section 5. The GLFRF
parameters are estimated via the maximum likelihood in Section 6. Section 7
provides numerical simulations for exploring the behavior of the estimates.
Two real-life data applications are addressed in Section 8. Some concluding
remarks are offered in Section 9.

2. The GLFR-G Family

In this section, we provide some details about the GLFR-G family introduced
by Afify et al. (2022). The cumulative distribution function (CDF) of the
GLFR-G family reduces (for x € R)

Pao) = (1 - exp [ 2| -2 [ com [V

1-G(x;) 1-G(x;9)
1)

where Y = (4, ¢,y,97)T, 1 > 0 and ¢ > 0 are scale parameters, and y > 0
is a shape parameter. The corresponding pdf is
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The HRF and reverse HRF (RHRF) of the GLFR-G family are given by

g(X;rp)[)lY+V(¢—A)G(x:tp)],,xp{_/1 Gap) 1_¢[_Glxe) 2}
. _ [1-G(x)]3 - 1-Gge) 211-G(x9)
h(x, II)) -

ool ] G 1 6Caw) 1PN ([ ([ GCue) o[ Glae) 1
(1 eXp{ [1—G(x;(p)] 2[1—G(x;(p)] }) (1 eXp{ [1—G(x;(p)] 2[1—G(x;(p)] })

3)
and
. _ Avg(x;@)+y (1) g(x;0) G (x;9)
(6 9) = V|3 A6 1, [ Glxe) z ) (4)
[1-G ()] (eXp{ [1—G(x;<p)]+?[1—s(x;¢) }‘1)

The cumulative HRF (CHRF) of the GLFR-G family takes the form
H(x; @) = —log [1 - (1 — exp {—A[ Gxig) ] ¢[ G }) ]

1-G(x;) 1-G(x;)
(5)

The GLFR-G family has some special sub-families (Afify et al., 2022)
which are reported in Table 1 for selected parametric values.

Table 1: Special sub-families of the GLFR-G family

A ¢ v Sub-family Authors
1 Linear failure rate-G (LFR-G) New
o - - Generalized Rayleigh-G (GR-G) New
0o - 1 Rayleigh-G (R-G) Bourguignon et al. (2014)
0 1 Exponential-G (E-G) Bourguignon et al. (2014)
0 - 0Odd generalized exponential-G (OGE-G) Tahir et al. (2015)
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3. The GLFRF Distribution

In this section, we define the GLFRF distribution which is generated by
applying the GLFR-G family by choosing the Fréchet distribution as a
baseline model.
The CDF and PDF of the Fréchet distribution take the forms

[

G(x;6,n) = e_(i)n, x>0 (6)
and

n
g(x;8,n) = 775’7x_’7_1e_(x) , x>0, (7)

where § > 0 is a scale parameter and n > 0 is a shape parameter.
The nth ordinary and incomplete moments of X ~Fréchet(§, ) are given (for
n <n) by

wy=6"T(1-2) and @a(6) = 6" y(1 - n/n, (6/0)7),

where T'(s) = f0°° z5"1 e ?dz is the complete gamma function (GF) and

v(s, k) = fok z5~1 e~Zdz is the lower incomplete GF.
Hence, the CDF of the new GLFRF distribution follows, by inserting the CDF
(6) of the Fréchet distribution in Equation (1), as

Floy) = (1 — exp {—/1 [e(g)n - 1]_1 —%[e@)n - 1]_2}>y, x>0,

(8)

whereyp = (4,¢,y,6,1)T,2>0,¢ > 0and § > 0 are scale parameters, and
y > 0,and n > 0 are shape parameters.

The PDF of the GLFRF model has the form

[

ngnx—n—le‘(g)n [Ay +v(p — ,1)(;(;
1- e—(%)”r
2L 1]‘2}

)’ .
floy) = ]exp {—/1 [e(g) — 1]

2
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Henceforth, a random variable having PDF (9) will be denoted by
X~GLFRF(A,¢,y,8,n). The GLFRF distribution is a very flexible
distribution having several special sub-models. It contains 15 sub-models
reported in Table 2.

Table 2: Special sub-models of the GLFRF distribution

A ¢ v & 7 Sub-model Authors

- - 16 79 LFR-Fréchet New

- - 1 6 1 LFR-inverse exponential New

- - 16 2 LFR-inverse Rayleigh New

0 - - 61 GR-Fréchet New

0 - - 6 1 GR-inverse exponential New

0O - - 6 2 GR-inverse Rayleigh New

0 - 16 1 Rayleigh-Fréchet Bourgéjzlg;z)n etal.

0 - 1§ 1 Rayleigh-inyerse ]
exponential

0 - 1 6 2 Rayleigh-inverse Rayleigh -

- 0 16 7 E-Fréchet Bourgélg;z)n etal.

- 01 6 1 E-inverse exponential -

- 01 6 19 E-inverse Rayleigh -

-0 - 619 OGE-Fréchet Tahir et al. (2015)

- 0 - 6 n OGE-inverse exponential -

-0 - 679 OGE-inverse Rayleigh -

Some possible shapes for the PDF and HRF of the GLFRF distribution are
displayed in Figures 1 and 2 for different choices for the parameters 4, ¢, vy, &
and n. The plots show that the GLFRF model is very flexible in
accommodating different hazard shapes especially non-monotone hazard
rates including upside-down-bathtub (unimodal), bathtub and modified
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bathtub shapes. The PDF plots of the GLFRF model show more flexibility.
The HRF and RHRF of the GLFRF distribution take the form

h(x;¥) =

<>[<>H<¢><>]{<><>}

({ <>H<>]}><{<><>}>

(10)

and
[

n n
n&"x_"_le_(;) [A y+y(¢—l)e_(z)

]
] })

() = [1_{(%)1’]3(3’“’He(g)n_l

(11)

05

Figure 1: Plots of the GLFRF PDF for some parameter values
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Figure 2: Plots of the GLFRF HRF for some parameter values
The CHRF of the GLFRF distribution reduces to

o) = o1 (1 xp |46 1] -2 1] ) |

(12)
4. Linear Expansion

In this section, we provide a useful linear expansion for PDF of the
GLFRF distribution. Afify et al. (2022) provided linear representations for
the CDF and PDF of the GLFR-G family using the binomial and exponential
series. The CDF and PDF of the GLFR-G family have the following linear
expansions given by

FOoy) = i Zj:ﬁi,j,k,l G (x)/+hHt

j,1=0 k=0
and

o ]
fOsy) = Z z Vj k.1 h]+k+l(x); (13)
=

j,1=0 k=0
where 9, = X2o[ (DG D o)) ()@ Dk and

W1 () = G+ k+1) g(x) G(x)/*+1=1 is the exponentiated-G (exp-)
PDF with power parameter (j + k + [).
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Using Equation (13) (Afify et al., 2022), we can provide a linear expansion
of the PDF of the GLFRF distribution. By inserting Equations (6) and (7) of
the Fréchet distribution in Equation (13), we obtain

o] ]
, 5\
fl) = Z Z 90 G + k + 1) nonxn-1eU+0()
Jj,l=0 k=0
Or equivalently, the above equation can be rewritten as

o
W)= ) D Bt gjren®) (s

Jj,1=0 k=0

where g4 (x) is the Fréchet PDF with shape parameter n and a scale

parameter §(j + k + 1)1/, Hence, the PDF of the GLFRF model may be
expressed as a linear mixture of Fréchet densities. This, helps us to derive
several properties of the GLFRF model using Equation (14) and the properties
of the Fréchet distribution.

5. Mathematical Properties

In this section, some properties of the GLFRF distribution including quantile
and generating functions, moments, and order statistics are derived.

5.1 Quantile and Generating Functions

The quantile function (QF) of the GLFRF distribution follows by inverting

(8) as
—/1+J12 2¢log<1 uy>]

r
I I
Ilqb A+J,12 2¢>log 1- uV)JI ,

The above equation can be used to simulate the GLFRF random variable.
Particularly, if u = 0.5, we obtain of the median of the GLFRF distribution
The moment generating function (MGF) of the Fréchet distribution defined
by Equations (6) and (7), is denoted by M(t; §,n). This MGF is derived by
Afify et al. (2016) and using the formula of M(t; §,7n), we can obtain the
MGF of the GLFRF distribution.
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M(t;6,m) = fooo exp(t x)g(x)dx.
Letw = 1/x, we obtain

M(t; 8,1m) = né" fooo exp (&) w1 exp[—(Sw)"]dw

Using the exponential series for exp (é) it follows that

Xk
ex — | = — W
p w k!
k=0
Hence, we can write

co tk .
M(t;8,n) = 776’72 k'f wT k=1 exp[—(w)"]dw
k=0
After some simplifications, we have

2 Sk ¢k n—k
M(t: 8,7) = r( )
£ k! n
The Wright generalized hypergeometric function is defined by
P (TII'Dl) (nq, q) Py F(nl + D m) m!’

Then, the MGF of the Fréchet distribution takes the form

M(t; 8,m) = W [ -0, ot|. (15)

Using Equations (14) and (15), we can write the MGF of the GLFRF
distribution as follows

o
Merre(t) = z Z ik 1%o [(1 -1, 8+ k+ D t]

,[=0 k=0
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5.2 Moments of the GLFRF Model
The rth ordinary moment of X is given by

00 ] .
B= B = Y Y G [ g
0

j,1=0 k=0
For r <n, we have

o
T
= Z Z 91 87 G+ k+DTM r<1 _ —).
j,1=0 k=0 n
The mean of X follows for r = 1 in the above formula, that is
j

C 1
W, = Z Zﬁj"‘" §(G+k+ DU F(l ——).
=0k n

=0

The rth incomplete moment is defined by

or(t) = fy x" f(x)dx.
Using Equation (14), we have

w J .
() = Z zﬁj,k,l f X" Gjrr+1(X)dx.
0

j1=0 k=0

The rth incomplete moment of the GLFRF distribution follows (for r < n)

as
0. () = i iﬁj,k,l 5TG+k+ Dy <1 - % G+k+1D) (g)n>

J1=0 k=0

For r = 1, the first incomplete moment (FIM) follows as

0. (8) = i iﬁ,,k,l 8G +k + z)%y(1 —%,(j k4 D) <§)n>

j,1=0 k=0

FIM can be used to calculate the mean residual life (MRL), m,(t) =
[1—¢@.(t)]/S(t) —t, and the mean inactivity time (MIT), M,(t) =t —
@1 (t)/F(t). The MRL has applications in some fields such as biomedical
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sciences, survival analysis, life insurance, product quality control, economics,
product technology, and demography (Lai and Xie, 2006).

5.3 Residual and Reversed Residual Lifes

The sth moments of residual life is given (for s = 1,2,3,...) by
me(t) = E((X —)5|X > t) = 1_; = [° (e = 6)°dF ().
Then, m,(t) of the GLFRF distribution follows (for s < n) as

s oo ]
1 (—DST(s+1) . , r
mS(t)_l—F(t) riT(s—r+1) te Zzﬁf"‘"(]JrkH)”
=0 j,1=0 k=0

xr(l—%,(j+k+l)(§)n),

where F(t) is the CDF of the GLFRF model and TI'(z,a)=
fa°° w? le™Wdw is the the upper incomplete GF. The MRL of the GLFRF

distribution follows by setting s = 1 in the above equation.
The sth moments of the reversed residual life (RRL) is defined (for s =
1,2,3,..) by

M) = E((t—X)S|X <t) = % Jy (¢ —x)°dF (x).

The sth moments of the RRL of the GLFRF distribution reduces to (for s <
)

1 CDTG+HD N, -
Ms(8) = FOLs AT —r+1)" J Z Zﬁ”"l G+k+D
r=0 j,1=0 k=0
n
><y(1—%,(j+k+l)(§) )
The mean waiting time (MWT) or mean reversed residual life of the GLFRF
distribution follows by setting s = 1 in the Isat equation.
5.4 Order Statistics
Consider the random sample of size n, Xj,..,X,, from the GLFRF
distribution. Then, the corresponding order statistics are Xy, ..., X(). The
PDF of the ith order statistic X;.,, fi.n (%), is defined as
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_ fin ()
s e ()

B(i,n—i+1)
q=0

fOs ) Fg ), (16)

Afify et al. (2022) derived a general formula for f;.,(x), of the GLFR-G

family as

fim i)

N CD() rglsw) v - Dgls 6w ([ GG)
v B(i,n—i+1) [1-G(x;y))3 P 1-G6x; )
¢> Gy |

1-G6(x9)
G(x;¢)
X (1 — exp {—/1 lm
21\ Y(i+g)-1
¢ [ GO ) }) (a7
1-G6(x;¢)

Substituting (6) and (7) in Equation (17), we obtian the PDF for the ith order
statistic of the GLFRF distribution

fi:n(x; lll)
n—i (1) (n—i) n@nx_ﬁ—le_(g) [,1)/ + (¢ — l)e_(g) ] o
_ B(i,n—1i j— 1) s\ 3 exp {—/1 [e(x)
=0 [1 —e (x) ]

)
<1—exp{ [ 2 — 1] .
- % [e(‘%)n _ 1]_ }) (18)

Applying the binomial expansion to the last term in (18), it follows that
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S () (oAb -] -2 ).

Hence, Equation (18) reduces to

o

finti) = Y vgenon i [y 4y e O [1_e—(§)n]_3

1=0
X exp {—A(l +1) [e(g)n - 1]_ - @ [e(g)n -
)

q+l(n-t
where v, ; = w(y(wq) 1)

q 0 B(i,n—i+1)
6. Maximum Likelihood Estimation

In this section, the five parameters of the GLFRF distribution are
estimated using the maximum likelihood (ML) approach. Let x4, ..., x,, be a
random sample from the GLFRF distribution with an unknown vector of
parameters ¥ = (A, ¢,v,6,1)T.
The log-likelihood function for v takes the form

n

¢ =n(logn +nlogd) —(n+ 1)i log x; — z (%)n
-3 Z log (1 —e x%)") + z": log [/1]/ +y(¢p — A)e_(’%)nl

—/’IZ (s;—1)" 1——2 (s;— 1)2

+ (- 1)2 log (1 — exp [—A(si -1 —%(si - 1)‘2]),

i=1

n
where s; = e(’%) .

50 Al Asala journal N




The Generalized Fréchet Distribution with Variable Hazard Rate Shapes: Properties and Applications \

The above log-likelihood can be maximized by solving the nonlinear
likelihood equations semultaniously or using the statistical software such as
R, SAS, Mathemtica and Matlab.

The nonlinear likelihood equations follow by differentiating £ with respect to
£ ¢ o0t o¢

all parameters. That is, the score vector elements, U(y) = of (5 '3 3y
¢ 0\
'36 " o — )", are
or s y(s; — (s; — 1) 1K
Z (s = 1) 1+<y—1)z
EY Aysl+y(¢ A)
n
(x4 -1 s; — 1)72K;
ot _ 14 2(51—1) Y )2(1 )~
op & dysi+y(g - D

9t Asi+ (p—2) Z o(1—K),

ay — Aysity(@—A) &L
0f nn nn 5n3n(xﬁ) rln
wom s oy s W sy

n -2 (2) .
_% Aysi+y<¢—z)+%z (xg) o

n(y—l)z iA+oG =D K
(6/x)™"(s; — D% (1-K;)

and
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¢ o 6\ /6
%=E+nlog6 21ong lzl (x—l) log(x—i)
" log i log )
32 (6/x;) ”(sl - 1) Z /’Lysl +y(p — A)

n n

S log S log
**zhwmn@—n2¢§kwm"m—n3

S log /1 + ¢(s; — 171 K,
o ”Z wmwmrnz A -K)

where K; = exp [—/1(51- -11- > (Si - 1) ]
The ML estimates (MLEs) of the GLFRF parameters can be obtained by
setting U(3) = 0. Solving these five equations simultaneously yields the
MLEs 1,¢,7,8 and 7. Additionally, the MLEs can be determined
numerically using iterative techniques like the Newton-Raphson algorithm.
7. Simulation Results

The behaviour of the MLEs of the GLFRF parameters are investigated
in this section using some numerical simulations in terms of the sample size
n. The GLFRF distribution is simulated using its QF given in Section 5.1.

Using the software R programming language R (R Core Team, 2020),
4,000 random samples from the GLFRF distribution are generated with four
sample sizes n = 30,50,200 and n = 500. The true values of the GLFRF
parameters are selected as follows: A = (0.4,1.0,3.5), ¢ = (0.5,1.0,4.7),

= (0.6,1.0,2.9), § = (0.2,1.0,2.1) and n = (0.2,1.0,2.1). Tables 3-9

illustrate the averages of the following quantities: mean square errors (MSE),

MSE(t[))——Z L - 1/))2, absolute biases (ABB), ABB(¥) =
l-=1|1/)i— || and mean relative estimates (MRE), MRE(®) =

1 - .
—Z’i"=1|1pi — ll)l/ll). These measures are calculated for all sample sizes and all

parameters’ combinations. These tables show that the MLEs of the GLFRF
parameters are stable and consistent. Additionally, these tables reveal that the

b2 Al Asala journal N




The Generalized Fréchet Distribution with Variable Hazard Rate Shapes: Properties and Applications \

MSE, ABB, and MRE of the parameters decay toward zero as the sample size
increases.
8. Two Real-life Data Applications

This section is devoted to explore the empirical importance of the
GLFREF distribution using two real-life data applications. The first set of data
from Smith and Naylor (1987) consists of 63 observations about strengths of
1.5 cm glass fibres which are measured at National-Physical-Laboratory, in
England. The observations are: 0.55, 1.25, 0.93, 1.49, 1.36, 1.52, 1.61, 1.58,
1.64,1.73,0.77,1.68, 1.81, 1.27,0.74, 2, 1.04, 1.39, 1.53, 1.49, 1.59, 1.66, 1.
61, 1.68, 1.82, 1.76, 1.11, 2.01, 1.28, 1.42, 1.54, 1.5, 1.6, 1.66, 1.69, 1.62,
1.76, 2.24,1.84, 0.81, 1.29, 1.13, 1.48, 1.55, 1.5, 1.61, 1.66, 1.55, 1.7, 1.62,
1.77,0.84,1.84, 1.24, 151, 1.48, 1.63,1.61, 1.67, 1.78, 1.7, 1.89, 1.3. This
data are studied by Barreto-Souza et al. (2011) and Afify et al. (2015).
The second set of data consists of 72 exceedances flood peaks for the years
1958-1984, rounded to one decimal place. These flood peaks (in m3/s)
measures for Wheaton river in Canada. The data are 0.4, 1.7, 14.4, 2.2, 1.1,
53,0.7,1.9,13.0,12.0,9.3,1.4,18.7,85,25.5,11.6,14.1,1.1,2.5,14.4, 1.7,
2.2,37.6,0.6, 39.0, 22.1, 0.3,15.0, 11.0, 7.3, 22.9,1.7, 1.1, 0.1, 0.6, 1.7, 9.0,
7.0, 0.4, 20.1, 2.8, 9.9, 14.1, 10.4, 30.0, 10.7, 3.6, 5.6, 30.8, 13.3, 4.2, 3.4,
25.5,11.9,27.6, 215, 36.4,64.0,2.7,1.5,27.4,25, 1.0, 20.2, 27.1, 5.3, 16.8,
2.5,9.7, 27.0, 20.6, 27.5.
The fit of the GLFRF distribution is compared with some competing
distribution such as the Kumaraswamy-Fréchet (KF), Kumaraswamy-
Marshall-Olkin Fréchet (KMOF), beta-Fréchet (BF), exponentiated-Fréchet
(EF), gamma extended-Fréchet (GEF), transmuted-Fréchet (TF) and Fréchet
(F) distributions. The corresponding PDFs of these competing moels are
given by (for x > 0)

Table 3: Simulation results of the GLFRF distribution for several parametric
values

A ¢ y & i n y) ¢ % 8 U]
MS  0.1610 0.7224 0.1718 0.4939 @ 0.4622

0. 1. 0 1. 1L 30 E 3 5 8 6 4

4 5 6 2 5 AB | 0.3610 0.8000 0.3523 @ 0.6423 0.5979
B 5 2 9 0 2
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n [ 14 ) U]
MR 0.9026 0.8000 @ 0.5873 & 0.5352 0.7972
E 3 2 2 5 2
MS  0.1532 0.7001 0.1607 0.4592 0.3610
E 8 7 8 2 3
5o AB 03459 07790 03272 06118 0.5080
B 4 7 6 2 9
MR 0.8648 0.7790 05454 0.5098 0.6774
E 5 7 3 5 5
MS  0.0979 0.6096 0.0856 0.3895 0.2322
E 9 5 9 4 9
20  AB 02747 0.7007 0.2347 05471 0.3751
0 B 2 9 2 5 5
MR 0.6868 0.7007 0.3912 0.4559 0.5002
E 1 9 0 6 0
MS  0.0752 0.6004 0.0672 0.3752 0.2052
E 0 3 4 7 7
50 AB 0.2401 0.6860 0.2111 0.5310 0.3316
0 B 7 9 2 6 0
MR 06004 0.6860 0.3518 0.4425 0.4421
E 1 9 7 5 3
MS  0.1700 0.7168 0.1683 0.1963 0.7066
E 1 9 0 0 3
g0 AB 03557 07877 03354 0.3868 0.7835
B 9 2 0 5 1
MR  0.8894 0.7877 05590 0.3223 0.5223
E 8 2 0 8 4
MS | 0.1528 0.7090 0.1556 0.1839 0.6063
E 5 3 2 0 3
g AB 03407 07829 03203 03762 0.7094
B 5 1 1 6 2
MR  0.8518 0.7829 0.5338 0.3135 0.4729
E 8 1 5 5 5
MS | 0.1054 0.6570 0.1012 0.1704 0.3504
E 8 7 8 3 2
20 AB 02898 0.7135 0.2571 0.3596 0.4942
0 B 7 2 7 0 8
MR 07246 0.6935 0.4286 0.2996 0.3295
E 8 2 2 7 2
MS  0.2503 0.7829 0.0703 0.1678 0.2529
E 6 1 4 8 7
50 AB  0.2503 0.6347 0.2199 0.3524 0.3928
0 B 6 1 2 5 8
MR 0.6259 05947 0.3665 0.2937 0.2619
E 0 1 4 1 2
b4 Al Asala journal
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A ¢ v & A n yi ¢ y é ]
MS  0.1810 0.7497 0.1660 | 0.2008 0.7085
E 4 9 6 6 9
30 AB 03638 0.0511 0.3281 0.3930 0.7853
B 4 6 0 0 0
MR ' 0.9095 0.7007 @ 0.5468 @ 0.3275 0.5235
E 9 7 3 0 4
MS  0.1614 0.7007 @ 0.1603 0.1933 @ 0.6129
E 1 9 1 9 2
50 AB | 03497 0.0791 0.3260 @ 0.3848 @0.7115
B 2 4 8 6 1
MR | 0.8743 @ 0.6594 0.5434 @ 0.3207 0.4743
0. 1. 0 1. 1L E 1 3 7 2 4
4 5 6 2 5 MS  0.1167 0.6793 @ 0.1263 0.1824 0.3676
E 6 6 0 7 9
20 | AB  0.3017 0.0820 0.2870 @ 0.3707 0.5099
0 B 1 8 9 4 9
MR | 0.7542 0.5913 0.4784 @ 0.3089 @ 0.3400
E 9 9 8 5 0
MS  0.0788 0.5927 0.0883 | 0.1685 0.2486
E 3 3 0 8 7
50 AB | 0.2497 0.0659 0.2399 @ 0.3470 0.3901
0 B 4 6 4 6 7
MR  0.6243 0.4510 0.3999 0.2892 0.2601
E 6 6 0 2 1

Table 4: Simulation results of the GLFRF distribution for several parametric values

A ¢ v & A n pi ¢ y 8 ]
MS 09579 0.4358 0.9956 0.5557 0.7103
E 5 2 9 3 9
30 AB 08857 05828 09589 0.6192 0.7683
B 3 8 5 5 7
MR 0.5904 0.6657 0.6393 0.2477 0.5122
E 9 7 0 0 5
MS  0.8783 0.4172 0.9005 05164 0.6512
15 0 L2 1 E 8 3 8 2 2
© 5 5 5 5 ., AB 08398 05703 08941 0.6057 0.7284
B 6 9 5 2 5
MR 0.5599 0.6407 0.5961 0.2142 0.4856
E 1 8 0 9 4
MS  0.6934 0.4065 0.5683 0.4901 0.4399
20 E 7 4 2 8 5
0 AB 07408 05326 0.6752 0.5527 0.5738
B 6 3 7 5 6
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A n ¢ 4 Ui
MR 04939 05452 04501 0.2071 0.3825
E 1 7 8 0 7
MS | 0.6099 0.3201 | 0.4104 0.4581 0.3099
E 8 8 5 6 3
50 AB 0.6917 0.4204 0.5575 0.4255 0.4653
0 B 3 2 3 8 2
MR | 0.4611 0.3808 0.3716 0.1842 0.3102
E 5 5 9 3 1
MS | 0.3198 0.2327 | 0.8198 0.7966 0.7367
E 5 7 8 0 3
30 AB | 0.4962 0.4117 § 0.8594 0.7722 @ 0.7940
B 6 5 6 6 6
MR | 0.6616 @ 0.8234 | 0.5729 0.3089 @0.5293
E 8 9 7 1 7
MS | 0.2877 @ 0.2157 | 0.7564 0.6955 0.6665
E 3 8 7 0 0
50 AB | 0.4703 0.4056 | 0.8128 0.7043 @ 0.7435
B 9 6 9 5 3
MR | 0.6271 0.7513 | 0.5419 0.2817 @0.4956
0.7 E 9 3 3 4 8
5 MS | 0.2094 0.1856 | 0.4273 0.5464 0.4386
E 8 2 6 6 6
20  AB 0.3980 0.3552 @ 0.5709 @ 0.6157 0.5662
0 B 6 9 9 3 1
MR | 0.5307 @ 0.6505 | 0.3806 0.2462 0.3774
E 5 9 6 9 7
MS | 0.3056 0.7513 | 0.2469 0.4428 0.3430
E 8 3 8 3 0
50 AB 0.3056 0.2910 0.4100 0.5560 0.4759
0 B 8 8 6 8 7
MR  0.3942 0.5221 | 0.2733 0.2084 @ 0.3173
E 4 7 7 3 1
MS | 0.4172 0.6221 0.6702 0.2426 @ 0.8871
E 3 5 8 2 3
30 AB 05619 0.7175 | 0.7621 0.4116 @ 0.9053
B 8 4 3 3 9
MR | 0.7493 = 0.4350 | 0.5080 0.1646 0.2586
0.7 E 0 9 9 5 8
5 MS | 0.3792 0.5855 | 0.6530 0.2310 0.8604
E 0 9 1 1 7
50 AB | 05296 0.6858 | 0.7536 0.3986 0.8871
B 2 6 4 2 1
MR | 0.7061 @ 0.3717 | 0.5024 0.1594 0.2534
E 6 2 3 5 6
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A ¢ y & A2 n y ¢ 4 é i
MS | 0.2153 0.4801 @ 0.4529 0.1599 0.7667

E 8 6 4 7 5
20 AB 0.3878 0.6036 @ 0.5882 0.3272 @ 0.8177

0 B 9 1 4 5 3
MR | 05171 0.2072 # 0.3921 0.1309 0.2336

E 9 1 6 0 4
MS | 0.1613 0.4456 0.2925 0.1271 0.6268

E 2 8 2 9 9
50 AB 0.3386 0.5807 @ 0.4459 0.2966 0.7141

0 B 6 2 8 3 1
MR | 0.4515 0.1614 # 0.2973 0.1186 0.2040

E 5 3 2 5 3

Table 5: Simulation results of the GLFRF distribution for several parametric values

A ¢ vy & A n A ¢ % ) ]
MS 03066 06296 05683 03314 08846
E 5 1 2 0 3
AB 04489 07244 06915 04879 0.9109
B 7 2 2 1 8
MR 00024 04488 04610 01951 02602
E 2 5 2 7 8
MS 02908 05696 05475 0.3189 0.8401
E 4 8 5 7 8
AB 04343 06756 06748 04772 0.8742
B 4 6 0 8 8
MR 08858 03513 04498 01909 02497
. E 4 2 7 1 9
a 05 15 25 4 MS 01344 04602 04335 02532 0.6310
E 3 0 3 3 7
20 AB 02022 05796 05808 04070 0.7131
0o B 9 6 4 6 6
MR 07307 01593 03872 0.1628 0.2037
E 3 3 3 3 6
MS 00736 04108 03011 01683 0.4699
E 6 2 4 2 9
50 AB 02213 05389 04615 03359 0.5836
0 B 8 4 8 1 3
MR 05534 00778 03077 01343 0.1667
E 5 8 2 6 5
MS 03183 08789 05184 02593 0.8800
. E 7 3 2 0 2
4 5025 AB 04624 09134 06559 03975 09102
B 5 2 6 1 1
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14
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n

50

MR

MS

AB

MR

MS

AB

MR

MS

AB

MR

0.8961

0.3242

0.4673

0.8684

0.2037

0.3646

0.7116

0.2710

0.2710

0.6775

0.9134
2
0.8308
0
0.8795
9
0.8795
9
0.7226
7
0.7989
7
0.7989
7
0.8795
9
0.7783
3
0.7783
3

0.4373
1
0.4937
2
0.6333
3
0.4222
2
0.4306
5
0.5801
0
0.3867
3
0.3635
4
0.5160
3
0.3440
2

0.1590

0.2641

0.4074

0.1629

0.2561

0.4008

0.1603

0.2164

0.3688

0.1475

0.2600
6
0.8423
7
0.8795
1
0.2512
9
0.6262
2
0.7104
1
0.2029
7
0.4531
4
0.5657
4
0.1616
4

=

0.2

0.7

0.7

w

30

50

MS

AB

MR

MS

AB

MR

MS

AB

MR

MS

AB

MR
E

0.7839

0.8034

0.5356

0.7068

0.7588

0.5059

0.5294

0.6411

0.4274

0.5110

0.5022

0.4281
8

0.5761
8
0.6528
2
2.6112
7
0.5052
3
0.5971
6
2.3886
4
0.4054
8
0.5117
0
2.0467
9
0.3219
0
0.4424
1
1.7696
4

0.8059
3
0.8550
4
0.5700
3
0.7818
7
0.8381
6
0.5587
7
0.6075
1
0.7044
8
0.4696
5
0.4608
0
0.5891
9
0.3927
9

0.0154

0.0957

0.1277

0.0143

0.0963

0.1285

0.0109

0.0869

0.1159

0.0091

0.0811

0.1081
3

0.8497
3
0.8800
0
0.2514
3
0.8288
2
0.8650
9
0.2471
7
0.7035
9
0.7718
8
0.2205
4
0.6052
9
0.7005
7
0.2001
6
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N

Table 6: Simulation results of the GLFRF distribution for several parametric values

A

¢

Y ) A n

A

¢

=~

14

)

P

n

15

0.2

30

50

0.7 12 1.

MS

AB

MR

MS

AB

MR

MS

AB

MR

MS

AB

MR

0.9663
7
0.9003
7
0.6002
5
0.8602
8
0.8472
8
0.5648
5
0.6606
5
0.7315
7
0.4877
1
0.6211
3
0.7146
4
0.4764
3

0.4636
1
0.5601
0
0.8904
1
0.4193
5
0.5272
1
0.7988
5
0.3508
1
0.4740
6
0.6562
2
0.3215
0
0.4525
8
0.5503
2

1.0694
1
0.9916
5
0.6611
0
0.9805
0
0.9380
4
0.6253
6
0.6341
3
0.7231
1
0.4820
7
0.4675
3
0.6026
5
0.4017
6

0.2290
0
0.3827
4
0.3189
5
0.2224
5
0.3745
3
0.3121
1
0.1457
4
0.3043
2
0.2536
0
0.1276
9
0.2987
9
0.2489
9

0.6956
7
0.7625
0
0.5083
3
0.6095
5
0.7008
0
0.4672
0
0.3579
4
0.5042
9
0.3361
9
0.2381
2
0.4018
0
0.2678
6

0.4

0.2

30

-

15 12 "~ 50

MS

AB

MR

MS

AB

MR

MS

AB

MR
E

0.1547
3
0.3227
2
0.8068
1
0.1448
4
0.3087
0
0.7717
5
0.0856
7
0.2484
1
0.6210
3
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0.1955
7
0.3301
3
0.7205
4
0.1940
4
0.3305
2
0.5220
7
0.1770
8
0.2900
8
0.3203
4

0.8586
0
0.8795
9
0.5863
9
0.7615
1
0.8132
2
0.5421
5
0.3983
6
0.5460
0
0.3640
0

0.4637
7
0.5767
8
0.4806
5
0.4119
0
0.5329
4
0.4441
2
0.2303
8
0.3855
6
0.3213
0

0.7435
1
0.8006
2
0.5337
5
0.6460
5
0.7262
0
0.4841
3
0.3884
5
0.5175
7
0.3450
4
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MS | 0.2245 0.5220 0.2379 0.1993 @ 0.2797
E 1 7 1 5 0
50 AB 0.2245 0.2224 0.4062 0.3259 0.4096
0 B 1 0 8 7 8
MR | 05612 0.2995 0.2708 0.3133 0.2731
E 7 8 6 1 2
MS  0.4398 0.2744 1.1205 0.1581 0.4104
E 9 2 8 1 5
30 AB | 0.6253 0.4748 1.0091 0.2747 0.5407
B 8 0 2 9 3
MR  0.8338 0.9496 0.6727 1.0991 1.0814
E 4 0 4 8 6
MS  0.3843 0.3112 0.9082 0.1373 0.2893
E 6 9 4 8 4
50 AB | 0.5735 0.5021 H 0.8876 0.2502 0.4348
B 5 2 8 1 7
MR | 0.7647 1.0042 0.5917 1.0008 0.8697
0.7 05 07 02 0. E 3 5 8 3 5
5 ' 5 5 5 MS  0.2834 0.4123 0.4641 0.0883 @ 0.0997
E 7 6 9 5 3
20 AB 04768 0.5727 | 0.6011 0.2128 0.2412
0 B 9 1 3 7 1
MR | 0.6358  1.1454 | 0.4007 0.8514 0.4824
E 5 2 5 9 2
MS | 0.2172 0.4411 0.2609 0.0622 0.0584
E 1 9 5 0 1
50 AB 04091 0.5929 § 0.4284 0.1950 0.1820
0 B 4 4 9 2 8
MR | 0.5455 1.1858 | 0.2856 0.7800 0.3641
E 2 8 6 6 6

Table 7: Simulation results of the GLFRF distribution for several parametric values

A ¢ y & A n yi ¢ y ) U]
MS  0.4347 0.2576 1.0825 0.2681 0.4317
E 4 0 7 6 9
g0 AB 06222 04737 09924 04033 0.5529
B 4 3 1 7 0
MR 0.8296 0.9474 0.6616 0.8067 1.1058
0.7 0. 07 ¢ ,& E 6 5 1 5 0
5 5 5 = ' MS 0.3736 0.2698 0.8752 0.2435 0.2989
E 6 3 6 1 2
5o AB 05647 04735 0.8730 0.3822 0.4404
B 1 2 7 6 2
MR 0.7529 0.9470 0.5820 0.7645 0.8808
E 5 5 4 2 4
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A

¢

Y 1) A n

y)

¢

14

)

MS
E
AB
B
MR
E
MS
E
AB
B
MR
E

0.2578
6
0.4519
4
0.6025
9
0.2024
9
0.3927
7
0.5236
9

0.3390
2
0.5130
6
1.0261
2
0.3855
8
0.5498
2
1.0996
4

0.4436
1
0.5885
0
0.3923
3
0.2502
0
0.4213
3
0.2808
9

0.2088
0
0.3606
9
0.7213
7
0.1913
0
0.3564
3
0.7128
6

0.0997
0.2400
0.4800
0.0579
0.1806

0.3612

0.7

-

30

50

06 02 07

MS
E
AB
B
MR
E
MS
E
AB
B
MR
E
MS
E
AB
B
MR
E
MS
E
AB
B
MR
E

0.4309
0
0.6099
9
0.8133
1
0.3905
3
0.5728
9
0.7638
5
0.2918
4
0.4782
0
0.6376
0
0.4046
2
0.4046
2
0.5394
9

1.0959
5
0.8490
8
0.5660
5
1.1356
9
0.8815
9
0.5877
3
1.2079
3
0.9409
2
0.6272
8
0.5877
3
0.9642
9
0.6428
6

0.2157
3
0.4028
8
0.6714
6
0.1803
5
0.3569
7
0.5949
6
0.1129
3
0.2668
1
0.4446
9
0.0695
4
0.2122
7
0.3537
8

0.0667
4
0.1854
2
0.7416
9
0.0705
7
0.1858
3
0.7433
1
0.1024
8
0.2060
8
0.8243
3
0.1147
0
0.2175
6
0.8702
3

0.3668

0.5198

0.6931

0.2752

0.4397

0.5862

0.1569

0.3122

0.4163

0.1285

0.2684

0.3579

0.7

1

30
0.7 05 05

50

MS
E
AB
B
MR
E
MS
E

0.4321
6
0.6184
0
0.8245
3
0.4103
5
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0.7575
6
0.8301
9
0.8301
9
0.7583
1

0.9565
1
0.9932
1
0.6621
4
0.9221
9

0.2675
8
0.4046
6
0.8093
3
0.2219
9

0.4803

0.5950

0.9701

0.3410
5
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y)

¢

14

)

P

n

AB
B
MR
E
MS
E
AB
B
MR
E
MS
E
AB
B
MR
E

0.5962
0
0.7949
3
0.2877
9
0.4799
7
0.6399
6
0.2257
5
0.4180
5
0.5574
0

0.8269
5
0.8269
5
0.7206
7
0.7899
0
0.7899
0
0.7056
9
0.7280
7
0.7250
6

0.8984
0
0.5989
3
0.4692
8
0.5992
1
0.3994
7
0.2659
9
0.4284
6
0.2856
4

0.3663
3
0.7326
6
0.1622
5
0.3299
1
0.6598
3
0.1357
6
0.3116
3
0.6232
5

0.4778
7
0.9557
4
0.1118
0
0.2444
6
0.4889
1
0.0673
9
0.1812
0
0.3624
1

Table 8: Simulation results of the GLFRF distribution for several parametric values

=~

=

A ¢ v & A n y) ¢ y 8 ]
MS | 0.2915 0.6149 | 0.1389 0.2580 @ 0.7320
E 7 7 1 4 6
30 AB | 0.4476 0.6805 0.2997 0.3588 @ 0.7617
B 3 3 8 8 6
MR | 0.5968 @ 0.6805 | 0.4996 0.2574 @ 0.2176
E 4 3 4 0 5
MS | 0.2319 0.5430  0.1322 0.2254 | 0.6702
E 6 7 8 0 3
50 AB | 0.3957 0.6157 0.2943 0.3211 @ 0.7007
B 2 6 7 3 6
MR | 05276 0.6157 | 0.4906 0.2326 @ 0.2002
0.7 1 06 1. 3. E 3 6 1 1 2
5 ' 2 5 MS | 0.1692 0.5095  0.0972 0.2071 @ 0.4883
E 2 6 5 7 9
20  AB | 0.3385 0.5853 0.2507 @ 0.3062 @ 0.5584
0 B 8 1 6 9 2
MR | 0.4514 0.5853 | 0.4179 0.2019 @ 0.1595
E 4 1 4 1 5
MS | 0.1198 0.4546 @ 0.0648 0.1803 | 0.4027
E 4 3 8 3 8
50 AB | 0.2881 0.6090 0.2088 0.2904 0.4855
0 B 3 8 3 1 0
MR | 0.3841 0.4590  0.3480 0.1820 @ 0.1387
E 7 8 6 0 2
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y)

5

=~

A ¢ vy 6 2 n ) 14 Ui
MS  0.1554 08721 0.8680 0.6825 05147
E 8 0 8 1 8
50 AB 03446 09127 08810 09518 06026
B 4 4 4 2 6
MR 08615 09127 05873 0.3807 0.2453
E 9 4 6 3 2
MS 01383 08125 0.7325 0.6427 0.3939
E 7 9 9 2 0
o AB 0318 08712 07957 09177 05067
B 0 6 6 4 8
MR 07965 08712 05305 0.3571 0.2213
04 1 07 20 E 1 6 1 0 6
' 5 5 5 MS  0.1020 05676 0.3946 0.5574 0.0978
E 9 5 4 0 5
20 AB 02656 0.6839 0.5409 0.8460 0.2147
O B 6 4 4 6 9
MR 0.6641 0.6839 0.3606 0.3184 0.1995
E 6 4 3 2 8
MS 02350 0.8712 02703 04974 0.0379
E 3 6 0 2 5
50 AB 02350 0.5842 04251 0.7573 0.1239
0 B 3 7 3 1 6
MR 05875 05842 02834 02922 0.1579
E 7 7 2 5 2
MS  0.1437 07848 0.8721 02978 05078
E 1 6 2 8 6
5 AB 03382 08531 09755 04258 06119
B 3 0 6 2 4
MR 0.8455 0.8531 0.6503 0.8516 0.9538
E 8 0 7 3 9
MS  0.1409 0.7625 0.8100 0.2559  0.3580
E 2 3 5 0 0
5o AB 03252 08331 08708 03939 04855
04 1 15 O 0 B 5 5 3 4 4
5 5 MR 08131 08331 05805 0.7878 0.8910
E 2 5 6 8 7
MS 01270 0.6878 0.4764 0.2060 0.1043
E 9 1 0 9 7
20 AB 02998 07706 0.6041 03711 0.2261
0 B 2 4 8 2 8
MR  0.7495 0.7706 0.4027 0.7422 0.4523
E 5 4 9 5 6
50 MS  0.0947 0.6532 0.3355 0.1739 0.0349
0O E 4 2 0 5 4
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A ¢ y & 2 n yi ¢ y 8 ]
AB | 0.2648 0.7406 0.4828 0.3561 @ 0.1237
B 7 7 6 8 5
MR | 0.6621 0.7406 # 0.3219 0.7123 | 0.2475
E 7 7 1 6 0
Table 9: Simulation results of the GLFRF distribution for several parametric values
A ¢ v & 3 n 2 ) 4 5 i
MS | 0.2401 0.8411 0.8019 0.0129 @ 0.7396
E 0 2 0 8 1
30 AB | 0.4065 0.8885 | 0.8450 @0.0976 @ 0.7998
B 7 6 9 1 0
MR @ 1.0164 0.8885 | 0.5633 @ 0.3904 @ 0.5332
E 2 6 9 4 0
MS | 0.2321 0.7942 0.7224 0.0121 @ 0.6746
E 3 6 1 3 1
50 AB | 0.3939 0.8553 | 0.7882 0.0928 @ 0.7484
B 0 8 9 5 8
MR | 0.9847 0.8553 | 0.5255 0.3714 @ 0.4989
0. 1 1. 02 1 E 6 8 3 0 9
4 5 5 5 MS ' 0.1401 0.7189 | 0.4768 0.0094 0.3753
E 1 9 5 6 5
20 AB 03046 0.7976 0.5976 0.0795 0.4943
0 B 4 1 8 1 2
MR | 0.7616 0.7976 0.3984 0.3180 0.3295
E 0 1 6 4 5
MS | 0.0976 @ 0.6906 @ 0.3468 0.0082 0.2027
E 7 8 2 6 8
50 AB  0.2615 0.7705  0.4905 0.0755 0.3305
0 B 0 7 1 2 6
MR | 0.6537 @ 0.7705 | 0.3270 0.3020 @0.2203
E 4 7 1 9 7
MS | 0.1499 0.3263 | 0.1679 0.0831 0.2621
E 8 2 7 1 5
30 AB | 0.3498 0.4355  0.3582 0.2240 0.4262
B 8 1 1 0 6
MR | 0.8747 0.8710 | 0.5970 0.8959 @ 0.8525
0. 0. 0. 02 O E 1 3 2 9 2
4 5 6 5 5 MS | 0.1450 0.2299 @ 0.1514 0.0666 0.1729
E 9 0 4 6 6
50 AB  0.3356 0.4170 | 0.3222 0.2029 @ 0.3325
B 8 0 9 0 7
MR | 0.8392 0.7739 | 0.5371 0.8116 0.6651
E 0 9 5 1 5
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A ¢ y & 1 n y) ¢ 4 ) O]
MS  0.1032 0.1543 0.0777  0.0625 0.0718
E 4 0 1 6 0
20 AB 02827 0.3516 0.2197 0.2066 0.1990
0 B 2 2 5 3 6
MR 0.7068 0.6532 0.3662 0.7565 0.3981
E 1 5 6 3 1
MS 02415 0.7739 0.0446 0.0617 0.0470
E 4 9 5 4 5
50 AB 02415 02594 0.1702 02166 0.1572
0 B 4 6 8 3 6
MR  0.6038 0.5189 0.2838 0.6665 0.3145
E 5 1 0 4 2
MS | 0.1696 0.6760 0.1802 0.0716 0.2939
E 5 0 5 3 5
g0 AB 03643 07375 03662 0.2217 04489
B 3 0 9 4 1
MR 0.9108 0.7375 0.6104 0.8869 0.8978
E 4 0 9 6 2
MS 01484 0.6614 0.1553 0.0556 0.1819
E 6 3 1 7 6
5o AB 03408 07260 03282 02030 03411
B 0 7 5 6 5
MR  0.8520 0.7260 05470 0.8122 0.6823
0. , 0 02 0 E 0 7 9 3 1
4 6 5 5 MS 01102 0.6115 0.1019 0.0466 0.0922
E 3 0 6 4 1
20 AB 02917 0.7026 0.2532 0.1818 0.2191
0 B 3 0 7 0 1
MR 07293 07012 0.4221 0.7271 0.4382
E 2 6 2 8 2
MS 00793 0.4925 00741 0.0410 0.0439
E 0 1 5 0 4
50 AB 02491 05660 02182 0.1715 0.1481
0 B 9 3 5 5 3
MR  0.6229 05660 0.3637 0.6861 0.2962
E 8 3 6 8 7
. N NG
KF: f(x) = abBaPf x~B+D exp [—a (;) ]{1 — exp [—a (;) ]} ;
KMOF: f(x) = afabdPxP~texp [—a (g)ﬁ] {a +(1-

-a-1

vl
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4bw4ﬂ@j%ﬂb@mp@ﬂrfi

BF:f () = B( oy XD exp :_a (%)B] {1 —exp [_ (%)WHJ
eF: 100 = 088+ exp [~ (9] f1 o[- (&) ]}

o ) =55 x 0 o[- (&) ] 1 - e[ - (2]
a+b-1

fonli-enl

TF: f(x) = BaPx"B~Lexp [— (%)ﬁ] {/1 +1—2Aexp [— (%)B]}
The parameters of all above models are positive real numbers except for the
TF distribution for which |1] < 1.
The competing distributions are compared using some measures such as the
—22, Akaike information criterion (AIC), consistent AIC (CAIC), Bayesian
information criterion (BIC) and Hannan-Quinn information criterion (HQIC),
where 2 is the maximized log-likelihood. Furthermore, the Cramér-von
Mises (W ™) and Anderson-Darling (A*) statistics are als calculated.
These measures are defined by the following formula:
AIC = -22+2 P,

2Pn
n-P-1)
BIC = =27 + P log(n),
HQIC = =2 7 + 2 P log[log(n)],

we = (14 1 n 2k—12+ 1
( Zn) Zk;l(Z" Zn) 12n

and

CAIC = -27? +
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4n 4n2 n

where 2 is the maximized log-likelihood, P is the number of estimated model
parameters and n is the sample size, and z, = CDF(yy), where y, (for k =
1,2, ...,n) are the ordered observations.
Tables 10 and 12 list the values of different goodness-of-fit measures, for
the two data sets, to compare the GLFRF model with the other competing
distributions. The values in these tables show that the GLFRF distribution
gives the lowest values for all measure among all competing models. Tables
11 and 13 provide the MLEs for all compared models along with their
standard errors (SEs) of these estimates.
Table 10: Goodness-of-fit smeasures for glass fibres data
Model | —2¢ CcAIC AIC BIC HQIC w* A"
GLFRF| 29.011 | 40.064 | 39.011 | 49.727 | 43.226 | 0.22045 | 1.20310
KF 39.915 | 48.605 | 47.915 | 56.487 | 51.287 | 0.42986 | 2.35117
KMOF | 32.682 | 43.735 | 42.682 | 53.398 | 46.897 | 0.29216 | 1.59683
BF 34.817 | 43.507 | 42.817 | 51.390 | 46.189 | 0.33337 | 1.81855
EF 39.201 | 45.608 | 45.201 | 51.631 | 47.730 | 0.41685 | 2.27979
GEF | 39.418 | 48.108 | 47.418 | 55.991 | 50.790 | 0.41990 | 2.28765
TF 86.303 | 92.710 | 92.303 | 98.733 | 94.832 | 1.12662 | 6.01100
F 93.707 | 97.907 | 97.707 | 101.993 | 99.392 | 1.22546 | 6.48658

AF = (1 + 3 - i) {n + Zzzlw log[z, (1 — Zn—k+1)]},

Table 11: MLEs and the corresponding SEs (in parentheses) for glass fibres data

Model Estimates
GLFRF 2.8189 1263.0888 0.4135 4.2941 1.3758
(A4, ¢,y,8,m) | (41933) | (1546.1034) | (0.1949) | (1.2537) (0.3456)
KF 13.9964 0.7561 1.2803 | 723.4195
(a,B,a,b) |(189.9810) (0.1115) (13.1471) |(666.9131)
KMOF 197.4702 2.4941 0.4391 2.4760 215.4915
(a, B,6,a,b) |(254.9519) (1.0800) (0.2851) | (1.2496) | (398.0855)
BF 13.5591 1.0316 0.3941 |2326.7155
(a, B, a, b) (7.1795) (0.2566) (0.1779) |(2492.018)
EF 24.2254 0.7177 1110.7440
(a,B,0) (13.8993) (0.1073) (1096.297)
GEF 6.7186 1.3120 207.6693 | 0.3976
(a,B,a,b) | (0.4521) (0.0994)  |(147.7114)| (0.1405)
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Model Estimates
TF 1.0937 3.2217 -0.7745
(a,B,2) (0.0560) (0.2564) (0.1560)

F 1.2643 2.8876

6,m) (0.0588) (0.2344)

The probability-probability (PP) plots of the GLFRF distribution and other
distributions, are displayed in Figures 3 and 5, for the two data. Figures 4 and
5 show the estimated CDFs for both data sets. These plots support the
numerical results in Tables 10 and 12. In concusion, the GLFRF distribution
is recommended to model the two studied data sets.

GLFRF KF KMOF
o o o
b= = 7 = = 7 = = T
= = =
b=l = k= 1 k=] =
a = 2 = 2 =
a2 an = =] = a =]
= = | =
= T T T T T T = T T T T T T = 7T T T T T T
00 02 04 06 08 10 00 02 04 06 08 10 oo 02 04 06 08 10
Observed Observed Observed

EF

GEF

T T T T T T
o 02 04 06 08 1.0

Expected
00 04 08
[
\ o
m
Expected
00 04 08
o L1 1 111
Expected
00 04 08
[ B

o

o0 02 04 06 08 10 0 02 04 06 08 10

Observed Observed Observed

TF F
o | o |
g = g =
- 7 = 1
2 = | 2 = |
= o = o
i i o o= i n
= = w =
= T T T T T T = 9 T T T T T
00 0.Z 04 06 08 1.0 0.0 0.2 04 06 08& 1.0
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Figure 3: The PP plots of competing distributions for glass fibres data
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Figure 4: Fitted CDFs on empirical CDF for glass fibres data

Table 12:

Goodness-of-fit smeasures for Wheaton river data

Model

24

CAIC

AlC

BIC | HQ

IC w*

A*

GLFRF

498.023

508.932

508.023

519.406

512.555

0.05919

0.37091

KF

506.005

514.602

514.005

523.112

517.630

0.17337

0.97379

KMOF

502.154

513.063

512.154

523.537

516.686

0.13817

0.76472

BF

514.765

523.362

522.765

531.872

526

.39

0.28585

1.61240

EF

512.243

518.596

518.243

525.073

520.962

0.24225

1.37968

GEF

514.651

523.248

522.651

531.758

526.277

0.28449

1.60447

TF

529.984

536.337

535.984

542.814

538.703

0.41857

2.42652

F

534.038

538.212

538.038

542.591

539.851

0.48147

2.80181

Table 13: MLEs and the corresponding SEs (in parentheses) for Wheaton river data

Model

Estimates

GLFRF
4,9,v.6,1)

0.05222
(0.05330)

0.01088
(0.02583)

0.52208
(0.24290)

1.34291
(1.19238)

0.85289
(0.17727)

KF
(a' B' a, b)

6.3401
(0.011)

0.1332
(0.00017)

6.6065
(0.011)

478.3001
(0.132)

KMOF
(a,B,6,a,b)

89263.64
(224.9697)

0.6814
(0.0619)

0.2556
(0.4076)

1.2323
(0.1503)

54816.88
(15004.53)

BF
(«,8,a,b)

38.2262
(118.541)

0.1356
(0.082)

11.712
(20.38)

30.3168
(34.144)
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Model Estimates
EF 391.9297 0.2677 14.4425
(a, B, 0) (398.185) (0.033) (6.62)
GEF 40.4813 0.1345 35.7391 | 11.7358
(a, B, a,b) (129.175) (0.081) (42.978) | (20.235)
TF 1.5083 0.7107 -0.7289
(a,B,A) (0.4374) (0.0589) (0.2338)
F 2.879 0.6521
(6,m) (0.553) (0.054)
GLFRF KF KMOF
BF EF GEF
TF F
:ﬁ? s —%ﬂ u?? S —/

=}

0 0.2 04 06 0.8 1.0

Observed

.0 0.2 04 086

Observed

o.e 1.0

Figure 5: PP plots of compared distributions for Wheaton river data
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Figure 6: Fitted CDFs on empirical CDF for Wheaton river data

9. Conclusions

In this paper, we propose a new flexible extension of the Fréchet
distribution called the generalized linear failure rate Fréchet (GLFRF)
distribution. The important feature of the GLFRF distribution its hazard rate
flexibility. Its hazard rate can be bathtub, modified bathtub, increasing,
decreasing, and unimodal shapes. The quantile and generating functions,
moments, order statistics, moments of residual and reversed residual lifes of
the GLFRF distribution are provided in explicit expressions. The GLFRF
parameters are estimated via the maximum likelihood. The GLFRF
distribution is fitted to two real-life data and compared to other competing

Fréchet distributions. It fits very well than these models.
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